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A P P R O X I M A T E  S O L U T I O N  OF T H E  L I N E A R  H E A T  

E Q U A T I O N  IN H E T E R O G E N E O U S  M E D I A  

Y u .  V .  K a l i n o v s k i i  UDC 536.2 

The asympto t ic  V i s h i k - L y u s t e r n i k  method is used  to solve the l inea r  heat  equations in h e t e r o -  
geneous media .  

The heat  equations in heterogeneous  two-component  continuous med ium have the fo rm [1]: 

aT~ T i - -  T 2 OT~ T: - -  T l 
el -~-  + - - ~  xv2Tt' -~-  + - - x  -- ~2• (1) 

el = miyici/m2Y~c~, 82 = nh~2/ml~.t. 

Equations that  a re  analogous to s y s t e m  (1) de sc r ibe  a lso  the nons ta t ionary  f i l t ra t ion of a homogeneous liquid 
in c r ack -po rous  media  [2, 3]. We always have the condition e2 << i [1, 4]; such a condition is not n e c e s s a r y  
for e l ,  

In the solution of s y s t e m  (1), one can put e2 = 0. However ,  the solution of the degenera te  sy s t em thus 
obtained can differ cons iderably  f rom the exact  solution of the sy s t em (1) near  the boundary of the reg ion  under 
study. This d i sag reemen t  can be avoided by using the app rox ima te  V i s h i k - L y u s t e r n i k  method for the solution 
of (1) [5, 6]. We consider  the method on the example  of a one-d imens iona l  p rob l em.  In this case  we r e w r i t e  (1) as 

aT1 d2Tl OT2 d~T~ 
a~ ao ay ~ (2) 

0 = t/~, y = x / ~ u ~ .  

The initial and boundary conditions a re  fo rmula ted  as follows: 

0 = 0 :  Tt = T2 = 0, 

y = 0 :  T t = T 2 = T o = c o n s t ,  

y - + ~ :  T I = T ~ = 0 .  

According to the V i s h i k - L y u s t e r n i k  method,  the r equ i r ed  solution is  r e p r e s e n t e d  in the fo rm of two t e r m s  

T i = w i  k v i ,  i = l ,  2. 

Here  w i i s  the solution of the degenera te  s y s t e m  (2): 

aw t a2wt aw2 
ei - ~  + wi  - -  w~ = aY ~ , ao + w2 - w'  = O 

(3) 

(4) 

(5) 

with the following initial and boundary conditions: 
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0 : 0 :  Wl : W 2 : 0 ,  

g : 0 :  w , = T 0 ,  

y--~OO: Wt =0o 
(6) 

I t  i s  s een  f r o m  (5) and  (6) tha t  w i does  not  s a t i s f y  a l l  b o u n d a r y  c ond i t i ons  (3). U s i n g  v i ,  i t  i s  n e c e s s a r y  
to  t r a n s f o r m  the  o b t a i n e d  s o l u t i o n  in such  a way  tha t  i t  s a t i s f i e s  a l l  cond i t i ons  (3). The t e r m  v i b e h a v e s  
s i m i l a r l y  to a b o u n d a r y  l a y e r ,  i . e . ,  i t  i s  a p p r e c i a b l e  n e a r  t he  b o u n d a r y  and d e c a y s  f a s t  a long  the n o r m a l  
d i r e c t e d  t o w a r d  the  i n t e r i o r  of  t he  r e g i o n .  

By the  e longa t i on  t r a n s f o r m a t i o n  

= WV-~ (7 )  

we i n t r o d u c e  a l o c a l  c o o r d i n a t e  a d j a c e n t  to  the  b o u n d a r y  y = 0. By c ra f t ing  in (2) the  t e r m s  which  con ta in  
a s  a c o e f f i c i e n t ,  we o b t a i n  the  fo l lowing  s y s t e m  for  the  d e t e r m i n a t i o n  of  vi :  

O~v' - O, Or2 O~v~ (8) 
a~ ~ - ~ -  + v~ - -  vi = a-- 7 

A c c o r d i n g  to the  a b o v e  d i s c u s s i o n ,  the  i n i t i a l  and  b o u n d a r y  c ond i t i ons  for  v i m u s t  be such  tha t  a l l  c o n -  
d i t i ons  (3) a r e  s a t i s f i e d :  

0 = 0 :  v2 = 0 ,  

= 0 :  v i = 0 ,  v~=T0--w2(0, 0), 
~-+ oo : vt = v2 = 0. 

(9) 

The L a p l a c e  - C a r s o n  t r a n s f o r m  of  the  so lu t i on  of  (5) and (6) h a s  the  f o r m  

L {w~} = T O exp ( - -  ~y), L {w2} --  T~ exp ( - -  ~y), 

O" 8tO.] 1/2 
. 

I t  i s  s e e n  f r o m  (10) t ha t  

(10) 

w~(0, 0) = T o I1 - - e x p ( - -  0)], (11) 

i . e . ,  the  o b t a i n e d  s o l u t i o n  i n d e e d  does  not  s a t i s f y  a l l  t he  c o n d i t i o n s  (3). It i s  i m m e d i a t e l y  seen  f r o m  (8) and (9) 
tha t  v 1 ~ 0. To d e t e r m i n e  v2, we m u s t  so lve  the  fo l lowing  equa t ion :  

3v~ q_ v: = 02v~ (12) 
00 a} 2 

wi th  the  c o n d i t i o n s  

0 = 0 ,  ~ - ~ : v 2 = 0 ,  ~ = 0 : u ~ = T 0 e x p ( - - 0 ) .  

The L a p l a c e - C a r s o n  t r a n s f o r m  of the  so lu t i on  of  (12) and (13) has  the  f o r m  

(13) 

a exp ( - -  V ~ 1 @ a ~), (14) 

w h e r e  v 2 is  the  z e r o - o r d e r  b o u n d a r y  l a y e r  func t ion  [5]. I t  i s  not  d i f f i cu l t  to  w r i t e  down the  L a p l a c e - C a r s o n  
t r a n s f o r m  of  the  e x a c t  s o l u t i o n  of  (2) and  (3): 
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L {Ti} = To (1 ++) exp (-- zy)], 

exp(-- zy)] ; 

l+[ 1+o V( '+~ s -~ 1 -k ei~ -t- -t- 1 q- e i ~ -  q-  , 
82 82 

{+[ 1+o d( �88 
z =  l + e l ~ + - - - -  1-t-eig--- - -  -~ , 

8~ 82 ] 

a = 1 -~ e~ -~ (l - -  eie2) ~, b = 1 -4- e~ - -  (1 - -  siva) or, 

d = {[e~ - -  1 - -  (1 - -  eie2) ~]2 ~ 4e2}x/2 . 

(15) 

(16) 

We compare  the obtained r e s u l t s .  Since the "d i sc repancy  ~ in the boundary l aye r  decays  with t ime  (see 
(11)) it is sufficient to make  the compar i son  for smal l  t imes .  Using the condition e 2 << 1, it is  not difficult to 
obtain f rom (15) and (4) T1--TI~0,  T2--~2~0 , i .e . ,  the solution obtained by the V i s h i k - L y u s t e r n i k  method 
ag ree s  well with the exact  solution. The solution (10) of the degenera te  s y s t e m  for  T i will a l so  ag ree  well with 
the exact solution (as w~ - T1), and for T 2 we obtain 

L {T e - -  w~} = T O exp (--  y 1/~---~8~ ), 

which co r responds  to the or iginal  function [7] 

T o T00rfc( ) (17) 

It  is eas i ly  seen f rom (17) that the difference (T 2 - w2) near  the boundary  y = 0 will not, in genera l ,  be a 
smal l  quantity. 

If  we consider  a finite segement  (e.g., y = 0-1), the r igh t -hand  side of (4) should be supplemented by another  
t e r m  which is  defined analogously to v i, i .e . ,  in the neighborhood of the boundary y = 1 we introduce the local  
coordinate  ~ = (1 - y)/4~2, and the initial  and boundary conditions a r e  fo rmula ted  in an analogous fashion.  

N O T A T I O N  

mi,  pa r t  of the volume occupied by the i - th  component;  Yi, densi ty ,  kg/m3;  el ,  specif ic  heat  per  unit m a s s ,  
J / k g . d e g ;  ki, t h e r m a l  conductivity coefficient ,  W / m -  deg; ~ ,  t he rma l  conductivity coefficient ,  m2/sec ;  x, co-  
ordinate ,  m; t, t ime,  sec; Ti, t e m p e r a t u r e ,  ~ ~', r e t a rda t i on  t ime ,  sec;  L{ }, L a p l a e e - C a r s o n t r a n s f o r m ;  and 
cr, p a r a m e t e r  of the L a p l a c e - C a r s o n  t r a n s f o r m .  The indices 1 and 2 r e f e r  to components  with high and low 
the rma l  conductivity.  
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